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STRESSES IN A PERFORATED CYLINDRICAL SHELL*

F. BAUER and E. L. REIss
Courant Institute of Mathematical Sciences, New York University

Abstract-It is assumed that the deformations of a thin cylindrical elastic shell, subjected to a uniform lateral
pressure, are adequately described by the Donnell shell equations. The surface of the shell is perforated by a
rectangular cutout. The tangential membrane displacements and the normal membrane stresses vanish on the
simply supported edges of the hole and the ends of the cylinder. Numerical solutions are obtained by replacing
the boundary value problem by a finite difference approximation and solving the resulting system of linear
algebraic equations by an iteration procedure.

1. INTRODUCTION

THE presence of a hole in the wall of a cylindrical elastic shell that is subjected to surface
and edge forces, significantly alters the distribution and magnitudes of the stresses. It
also complicates the mathematical analysis of the shell problem. Approximate methods
of solution, which are restricted in their applicability, have been previously proposedt
[1-6].

In this paper, a numerical method is presented to determine the stresses and displace
ments in the shell for a specific cutout problem. However, with suitable modifications,
it can be extended to include a variety of cutout shapes and other boundary and loading
conditions.

The procedure we employ is the well-known finite difference method. In this way,
the boundary value problem of shell theory is approximated by a system of linear
algebraic equations. In principle, there is usually no difficulty in the application of the
method. However, for cutout problems, in which the solutions vary rapidly, many mesh
points may be required. Roundoff errors and excessive computing· time make it imprac
tical to use the "standard" methods (e.g. Gauss elimination) to solve the resulting large
system of algebraic equations. We present and successfully apply an iterative method
involving two "acceleration" parameters to solve the algebraic equations. The procedure
is described in Section 3 and the computational methods required to apply it are outlined
in Section 4.

For the specific problem investigated the perforation is rectangular, i.e. the edges
of 'the cutout coincide with generators and parallel circles of the cylinder's midsurface.
The shell is loaded by a uniform pressure applied normal to the surface. On the simply
supported boundaries the tangential membrane displacements and the normal membrane
stresses vanish. It is assumed that the deformations are adequately described by the
Donnell thin shell theory [7, 8].

* This report represents result~ obtained at the Courant Institute of Mathematical Sciences, New York
University, with the Office of Naval Research, Contract No. Nonr-285 (42) and the United States Atomic Energy
Commission, Contract AT(30-1)-l480. It is a slightly abridged version of the report IMM-NYU 320, February
1964.

t Reference [4] contains a general discussion of shell cutout problems and references to previous work.
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In Section 5 the results of the computation are discussed and graphs of stresses and
displacements are shown. They indicate that the stresses are large near the corner of the
rectangular cutout. These high stresses may have slowed the convergence of the iterative
procedure. We therefore conjecture that for problems with smoother cutouts the method
may be more efficient.

2. FORMULATION

The cylindrical shell is of mean radius R, thickness t and length 2L. A cylindrical
coordinate system r, e, z is employed where rand e are plane polar coordinates and z
is the axial distance measured from one end of the cylinder. Thus the coordinates are in
the ranges R-t/2 ~ r ~ R+t/2, -n ~ e~ n, -L ~ z ~ L. The dimensionless co
ordinates x and yare defined by the relations

x == z/L,

y = (R/L)e,

Ixl ~ 1,

Iyl ~ (nR/L) == l.
(1)

The wall of the shell is perforated by a rectangular hole whose edges are on the lines
x = ±(X and y = ±PI where 0 ~ (x, P< 1. The shell is deformed by a uniform pressure p
applied normal to the surface. The ends of the shell and the edges of the hole are simply
supported and the normal membrane stresses and the tangential membrane displace
ments vanish there. The solution is therefore assumed to be symmetric with respect to
the planes x = 0 and y = O. Thus we consider the region D, see Fig. 1, which is one
quarter of the cylindrical surface. Symmetry conditions must be specified along the
following three boundary lines of D: (X ~ x ~ 1, y = 0; 0 ~ x ~ 1, y = I; x = 0,
Pi ~ y ~ I.

The Donnell theory for cylindrical shells [7,8] can be formulated as a boundary value
problem for two coupled fourth order partial differential equations in the two dependent
variables W(z, e) and F(z, e). Here, W is the normal displacement of the midsurface
r = R of the cylinder and EF is the membrane stress function where E is Young's
modulus. The positive directions of p and Ware outward from the center line of the
cylinder. In dimensionless variables the differential equations of the Donnell theory are

o2f 02W
A2w+ r ox2 = 1, A2f= r ox2 (2a)
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FIG. 1. The domain of integration, D, which is one quarter of the cylindrical surface.
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for x = 1, °~ y ~ I,
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(2b)

for x = IX, °~ y ~ PI, (3a)

02W 02j
W = oy2 = f = oy2 = 0, for °~ x ~ IX, Y = PI,

oW 03W of oY
- = - = - = - = ° for y = 0, IX ~ X ~ 1,oy oy3 oy oy3 '

and y = I, °~ x ~ 1,
(3b)

oW 03W of 03f
-=-=-=-=0
ox ox3 ox ox3 '

for x = 0, Pi ~ y ~ I.

The dimensionless variables in equations (2) and (3) are defined by

w(x, y) == CW(Z, 0),

E (t)3
C == 12(l-v2)pL L '

(4)

where v is Poisson's ratio. The membrane stresses O"~, 0"3 and 0"~9 and the corresponding
dimensionless stresses ~~, ~~ and ~~y are given in terms of the dimensionless stress
function f(x, y) by

,"0 _ ° o2j(x, y)
L.-" (x, y) = AO":(z, 0) = oy2 '

where

,"0 ( ) _ A o( 1I) _ 02f(x, y)
L.- x, Y - 0"9 Z, U - ::l 2 '

y vX

02f(x, y)
,"0 (x, y) == AO"~9(Z, 0) =
L.-"y ox oy

(5)

The quantities O"~, 0"6 and 0"~9' which are proportional to the bending moments, and the
dimensionless bendingstresses m", my and m"y are given in terms of w(x, y) by,
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where
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a2w(x, y) a2w(x, y)
mx(x, y) == BO"~(z, 0) = ax2 + v ay2 '

, a2w(x, y) a2 w(x, y)
my(x,y) == BO"o(z,O) = -ay+V ax2 '

, a2 w(x, y)
mXY(x, y) == (1- v)EO"zo(z, 0) = ax ay ,

(6)

B== -l~p(ir.
If the displacements of the midsurface of the shell in the z and 0 directions are

U(z,O) and V(z,O) respectively, then the dimensionless displacements u(x, y) and v(x, y)
are defined by

(R) U(z, 0)
u(x, y) == I -c-' (R) V(z, 0)

v(x,y) == L ~c-'

(7)

The membrane stress displacement relations of the Donnell theory thus reduce to [7,8],

o r [au (av)J 0 r [av au]- -- ~+v ~+w = --- ~+w+v~
Lx - 1 - v2 ax ay , L y 1 - v2 ay ax '

L~y = 2(1~ vl~~ +~;).
The relations (5), (6) and (7) and the conditions (3) imply that the required boundary

and symmetry conditions* are satisfied.
The complete formulation of the boundary value problem consists of the differential

equations (2) and the boundary conditions (3). The solutions depend only on the para
meters ex, p, I and r. We obtain approximate solutions for fixed ex, p, and I and a sequence
of r values.

3. NUMERICAL METHODS

To apply the approximate method the region D is covered with a rectilinear mesh.
The mesh is of uniform spacing b in the x and y directions. The mesh is chosen so that
the boundary lines of D coincide with mesh lines. There are M + 1 mesh lines in the
x direction and N +1 in the y direction so that,

b = 11M = liN.

The mesh points (Xi' Yj) are defined by,

Xi = ib, Yj = jb, i = 0, 1, ... , M; j = 0,1, ... N,

(8)

(9)

* The relations actually imply that the membrane displacements tangential to each boundary are constants.
However, these constants are set equal to zero.
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and the integers 1 and J are defined by,

Yl = fil.

(llb)

The mesh region D6 is defined as the set of points (x;, Yj) interior to and on the boundary
of D. The mesh region D~ is obtained from D6 by excluding the mesh points: (XM' Yj),
j = 0, ... , N; (XI, Yj), j = 0, ... , J; (x;, YJ), i = 0, ... ,1.

At each point of D~ the solutions w(x j, Yj),f(x;, Yj) of equations (2) and (3) are assumed
to be approximated by wij,Jij which satisfy the difference equations,

~~wij+rLxfij = 1, ~Ujj-rLxWij 0, (x;,Yj) ED~ (10)

Here the difference operator ~~, obtained by replacing derivatives in the differential
operator (2b) by centered difference quotients, is given by

~~ = L;+2LxLy +L;. (lla)
Lx and Ly are the "one-dimensional" centered second difference operators defined, for
any mesh function* {gij}, by

Lxgij = (gi +1.j - 2gi ,j + gi-1 ,j)(e5)- 2,

Lygij = (gi,j+1- 2gi,j+gi,j-1)(e5)-2.

The approximating quantities {wd and {hj} must satisfy difference equivalents of the
boundary conditions (3) where all derivatives are replaced by centered difference approxi
mations. Fictitious mesh points exterior to Dc are introduced to apply the difference
equations.

Thus a system of 2[M(N + 1)-(1 + I)(J + 1)] linear algebraic equations in the
2[M(N + 1)-(1 + I)(J + 1)] unknowns {wij} and {hj} is obtained. We assume that as
e5 -+ 0 the solution of the algebraic system converges to the solution of (2) and (3). Hence
for a sufficiently small e5 the solution of the algebraic problem should yield a "close"
approximation to the solution of the boundary value problem.

For large M and N, it is impractical to solve the algebraic system by a direct method,
e.g. Gaussian elimination. Therefore, an iteration procedure' is used to obtain approxi
mate solutions of this sytem. With w!J) as an initial guess, for fixed values of a, P, I and r,
a sequence of iterates [w!j),Jlj)] are defined by the recursions

(12)
n = 0, 1, ... ,~2f\'!) = rL wI'!) ~2W!,!+1) = -rL f!'!) + 1 }

6 'J x 'J' c lJ X'J'

wlr 1) = ).w!j+ 1) +(1- 2)wlj) (Xi' Yj) E D~.

Each iterate must also satisfy the difference equivalents of equation (3). The acceleration
parameter A should be determined so that the iterations (12) converge as rapidly as
possible.

Therefore, for each n the solutions of two algebraic systems of the form

~;g!r 1) = ¢!'Y (X;, Y) E D~ (13)

are required where the mesh function {¢In is either {rLxwlj)} or {- rL,Jlj) + I} depending
upon whether {glj)} is {f!j)} or {w!j+ 1)}. A line relaxation procedure, which is a simplifica
tion of the alternating direction method [9, 10] is used to obtain a crude approximation
to the solution of (13). A single horizontal and a single vertical sweep of the mesh is

* A function {gil} defined only at points of the mesh is called a mesh function.
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performed instead of alternating back and forth between horizontal and vertical sweeps.*
Thus the approximate solution {glt ll} of equation (13) is defined as the solution of the
one dimensional difference equations [10]:

(1+pL2)g\~+ 1) = g\~+ 1") +pL2g\~) }
y IJ IJ )I 'J'

(Xi' Yj) E D~, (14)
(1 +pL;)g~tt) = g!j) -2pLyLglj)- pL;g!j) +PcP!j)

where {glj+tl} and {g!t i)} must also satisfy the appropriate difference boundary con
ditions. The matrices corresponding to the one dimensional difference operators in
equation (14) are easily inverted by factoring. The number p is a second acceleration
parameter and should be determined so that the iterations (12) converge as rapidly as
possible.

4. COMPUTATIONAL PROCEDURES

Application of the numerical procedure requires that the mesh spacing be "small".
An acceptable value of () is determined by comparing the solutions of a sequence of test
calculations with successively finer meshes. From these tests we conclude that the () = -h
mesh yields sufficiently accurate solutions for the range of parameters considered. The
numerical criterion for convergence is that the iterations satisfy the condition,

(15)

The value of k that is employed depends on the magnitudes of the solutions. For all our
calculations we used k = 8 or 9. The condition, lim z(n) = 0 is only necessary for con-

n-+ 00

vergence.
It is found, starting from a given initial iterate, that the number of iterations required

to satisfy equation (15) depends on the values of p and A. For fixed c(, {3, I and t, the optimal
values Ao and Po are defined as those values which minimize the number of iterations
necessary to satisfy equation (15). To obtain estimates for them a series of test calculations
are employed. Thus for a fixed configuration, i.e. fixed c(, {3 and I, and usually employing
a coarse mesh estimates of Ao and Po are determined for an increasing sequence of t values.
These values are used for the finer meshes and Ao and Po for other values of t are estimated
by interpolating or extrapolating. In Table 1 representative values are given of the
acceleration parameters that were employed.

TABLE 1. ACCELERATION PARAMETERS EMPLOYED IN THE COMPUTATION

Shell I Shell II
r A p A p

340 1·0 24·6 1·0 10·0
680 0·675 9·7 0·55 10·0

1020 0·30 9·7 0·25 9'6
1360 0·20 9·7
1700 0·12 9·7 0·10 9'6

* A limited number of numerical experiments indicate that the convergence rate of equation (12) essentially
does not change if several sweeps are made through the mesh.
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Numerical solutions are obtained for two configurations, which we call Shells I and
II, and a sequence of values of 1: = 340, 680, 1020, 1360, 1700. Shells I and II are defined
respectively by, IX = 10/24, P= 10/22, I = 22/24 and IX = 7/24, P= 7/22, I = 22/24. The
initial iterate for a given 1: is taken as the "converged" solution for the nearest 1: for the
same shell. When the iterations converge the dimensionless stresses are computed employ
ing obvious finite difference equivalents of equations (5) and (6). It is observed that the
number of iterations necessary for convergence depends on the values of the parameters
IX, P, I and 1:. For example, with a fixed configuration the number increases rapidly as
1: increases, and with fixed 1and 1: the number increases as IX and Pdecrease. In all cases
a relatively large number of iterations is needed to satisfy equation (15). For example
using Shell I and 1: = 340, 492 iterations are needed, and for 1: = 1020, 2481 iterations
are required. However, the computing time per iteration is relatively small, e.g. the above
computations required approximately 13 and 65 minutes· respectively.

5. PRESENTATION OF RESULTS

Representative graphs of the dimensionless stresses and normal displacement obtained
from the numerical solution for Shell I with 1: = 1700 are given in Figs. 2-8. In these

4 y_11
24

-4

-I

J1.
24

1---- a ---- T-1100

100

I

FIG. 2 The variation with the axial distance x of the dimensionless axial membrane stress l:~ for Shell I
for a sequence of y values. The hole occurs at y = !£.

* All computations employed v = 0·3 and were performed on the IBM-7090 computer at the A.E.C. Com
puting and Applied Mathematics Center of the Courant Institute of Mathematical Sciences, New York
University.
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FIG. 3. The variation with x of the dimensionless hoop membrane stress !:~ for Shell I for a sequence of

y values. The dotted curve is the stress if no hole is present.
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FIG. 4. The variation with x of I:ev for Shel1 I for a sequence of y values.
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(16)

figures the variations with the axial distance are shown for a sequence of y values. These
results indicate that near the corner of the cutout, x = 0(, y = fJI, the numerical stresses
are quite large. The hole apparently affects the stress distribution everywhere in the shell.
The hoop membrane stress ~~ and the axial bending stress l:~ are influenced more by
the hole than the other stresses. If 0( = fJ = 0, the stresses and displacements obtained
from the well-known solution of the boundary value problem are independent of y.
These quantities are indicated with a super-bar and are given by,

w(x) = 1_ cos fJx cosh fJx + tan fJ tanh fJ sin fJx sinh fJx
r2 r 2 cosfJcoshfJ(l+tan2fJtanh2fJ) ,

IO (x) = 2:0 (x) = I' (x) == 0, ,"0 (x) = rw(x),
x xy xy L.y

,"' (x) = ~ '"' (x) = d
2

w
L.x v L.y dx2

8

~' (X,Y)XI04
x

4

-4

-8

FIG. 5. The variation with x of the dimensionless axial bending stress·~ fer-Shell-l.fer a sequence of
y values. For the shell with no cutout, I.~ coincides, within the resolution of the graph, with the x-axis

for the range 0 .:$; x < 0·833. For 0·833 .:$; x .:$; 1, ~~ is represented by the dotted curve.
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where
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r 2 = 4/34.

These results are shown by the dotted curves in Figs. 3, 5 and 6. In Fig. 8, the lateral
displacement w(x) coincides, within the resolution of the graph, with the numerical
results for the line y = O. These figures indicate that the cutout and its comer may increase
the magnitudes of the stresses and displacements by large factors.

Although their magnitudes differ, the form of the stresses and displacements for other
values of r and for Shell II are similar to those shown in Figs. 2-8. A simple asymptotic
solution is obtained for large r by dividing the differential equations by r and letting
r--+oo while w(x, y; 00) and f(x, y; 00) remain finite. Integrating the resulting equations
and applying the boundary conditions we obtain

w(x, y; 00) = f(x, y; 00) == O.

To illustrate this result, graphs are shown in Figs. 9-11 of typical stresses and displace
ments for Shell II on the line y = 1for an increasing sequence of r values. All stresses and
displacements seem to approach zero as r increases. The decrease in the magnitudes of
the solution as r increases is another possible cause for the slow rate of convergence for
large r.

16

8

~(x,y)xKf

r-----a ----+

J.§.
24

-8
T=1700

FIG.. 6. The variation with x of I:~ for Shell I for a sequence of y values. For the shell with no cutout,
r~ coincides, within the resolution of the graph, with the x-axis for the range O::s; x < 0·875. For

0·875 ::s; x::s; I, r~ is represented by the dotted curve.
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FrG. 7. The variation with x ofI~ for Shell I for a sequence of y values.
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FIG. 8. The variation with x of the dimensionless normal displacement w for Shell I for a sequence of

y values.
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FIG. 9. The variation with x of the dimensionless normal displacement w for Shell n on the line y = 1
for a sequence of T values.
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FIG. 10. The variation with x of I:~ for Shell II on the line y

1.0 x

1for a sequence of r values.
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FIG. 11. The variation with x of E~ for Shell II on the line y = I for a sequence of r values.



156 F. BAUER and E. L. REISS

REFERENCES

[1] A. I. LoURYE, Concentration of Stresses in the Vicinity of an Aperture in the Surface of a Circular Cylinder,
IMM-NYU 280; Translated from Prikl. Mat. Mekh. 10, 397 (1946).

[2] D. WHITHAM, Ing.-Arch. 28, 435 (1958).
[3] D. V. VAINBERG and A. L. SIN1AVSKII, Problems of Continuum Mechanics, SIAM, Philadelphia, Pa. p. 570

(1961).
[4] G. N. SAVIN, Problems in Continuum Mechanics, SIAM, Philadelphia, Pa. p. 382 (1961).
[5] O. M. Guz, Prik. Mekh. ANUSSR, Inst. Mekh. 8, 605 (1962).
[6] T. MYINT, J. R. -M. RADOK and M. WOLFSON, Numerical Stress Analysis of Circular Cylindrical Shells,

PIBAL Report No. 592, Polytechnic Ins!. of Bklyn. (1961).
[7] E. L. REISS, Q. J. Mech. appl. Math. 15, 325 (1962).
[8] J. KEMPNER, J. appl. Mech. 22, 117, 1I8 (1955).
[9] J. DOUGLAS, JR. and H. H. RACHFORD, JR., Trans. Am. math. Soc. 82, 421 (1956).

[10] S. D. CONTE and R. T. DAMES, Mathl. Tabl. natn. Res. Coun., Wash. 12, 198 (1958).

(Received 1 February 1965)

Resume--L'on a assume que les deformations d'une enveloppe cylindrique elastique et mince, soumise a une
pression laterale uniforme, sont adequatement decrites par les equations de Donnell. La surface de I'enveloppe
est perforee par un rectangle.
Les deplacements tangentiels de la membrane ainsi que les efforts normaux de membrane disparaissent sur
les rebords simplement supportes du trou et sur les extremites du cylindre. Des solutions numeriques sont
obtenues en remplal;ant Ie probleme avaleurs Iimites par une approximation de differences finies et en resolvant
Ie systeme resultant d'equations algebriques lineaires par une methode d'iteration.

ZusammenfallSung-Es wird angenommen dass die Verformungen einer diinnen zylindrischen Schale, welche
einem gleichmassigen Seitendruck unterworfen ist, durch die Donnell Schalengleichung hinreichend beschrieben
sind. Die Oberflache der Schale ist mit einem rechteckigen Ausschnitt perforiert. Die tangentiellen Membran
verschiebungen und die iiblichen Membranbeanspruchungen verschwinden an den einfach unterstiitzten
Randem des Loches und den Enden des Zylinders. Zahlenmassige Auflosungen werden erhaiten durch Ersetzung
des Randwertproblemes durch eine endliche Differenzenannaherung und Losung des resultierenden Systems
von linearen algebraischen Gleichungen durch ein Iterationsverfahren.

AocrpaKT-npHHHMaeTclI, 'ITO Ae!popMaI..\HH TOHKOH I..\HJIHHAPH'IeCKOH ynpyroH 060JIO'lKH, nOABepnuellcli
paBHoMepHoMy nonepe'lHoMy AaBJIeHHIO cOOTBeTCTBeHHO BblpalKeHbl ypaBHeHHlIMH 060JIO'lKH .uoHHenJla
(Donnell). nOBepxHpcTb 060JlOYKH npOCBepJIeHa npliMoyroJIbHblM BbIpe3KOM. TaHreHI..\HanbHble (none
pe'lHble) nepeMelI..\eHHlI MeM6paHbl HC'le3aIOT Ha 06bl'lHO nO.lU\eplKHBaeMblX KpaliX OTBepcTHli H Ha KOHuax
I..\HnHHApa. nOJIY'leHbl 'lHCnOBble peweHHlI 3aMeweHHeM np06J1eMbl KpaeBolt 3aAa'lH npH6JIHlKeHHeM no
KOHe'lHbIM pa3HOCI..\llM H pa3pewall nOJly'leHHylO B pe3YJlbTaTe cHcTeMy JIHHeltHblx anre6paH'IeCKHX
ypaBHeHHlt npoueccoM nOBTopeHHlI.


